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Optimally Discretized Finite Elements
for Boundary-Layer Stresses in Composite Laminates

S. S. Wang* and R. J. Stangof
University of Illinois, Urbana, Illinois

A study of boundary-layer stresses in finite-width composite laminates is presented. Quasi three-dimensional,
eight-node isoparametric elements are used in conjunction with a recently developed mesh optimization
procedure. A consistent stress evaluation scheme is introduced to facilitate an accurate stress determination in a
severely distorted mesh. Stresses near the laminate edge are obtained by the use of optimally discretized finite
elements. For illustration, results from an optimized mesh consisting of 12 elements are shown to demonstrate
the accuracy and efficiency of the current approach. Excellent agreement between the present solution and the
singular laminate elasticity solution is obtained. Comparison with other finite element analyses having highly
refined, nonoptimized grids is also reported to illustrate the superior performance of the present method.

I. Introduction

NEW and accelerated demands to employ structural
composites in engineering applications have encouraged

researchers to examine many aspects of the mechanics of
composite materials. Of particular interest has been the
complex behavior of stresses and related failure problems
near the edge of composite laminates. The solution of such a
problem requires the analysis of a layered, anisotropic
material system with geometric boundaries. Due to the
complex nature of the problem, various numerical studies
have been attempted to determine the stresses and defor-
mation in composites.1'10 Upon examining a finite-width
laminate subjected to uniform axial extension, early
researchers noted that large stress gradients were evident as
the laminate edge was approached. Thus a singularity had
been postulated and, subsequently, various methods were
employed in an effort to obtain an improved approximation
of the stresses within the "boundary-layer" region of the
laminate. Recently, the order of the edge-stress singularity for
the laminate elasticity problem has been determined by an
eigenfunction expansion method,11 and associated edge
stresses have been obtained by a boundary-collocation
technique.12

Because of its versatility and simplicity, the finite element
method has played a significant role in studying elasticity
problem with singularities. It has been noted13'15 that
significantly improved solution accuracy and convergence can
be achieved for this class of problems by the use of a singular
element formulation or mesh optimization procedure. The
singular finite element approach requires knowledge of the
exact structure of the singular elasticity solution, and,
therefore, the formulation is rather sophisticated.15 The
recently developed mesh optimization procedure in finite
element analyses provides an attractive alternative for
examining the singular elasticity problem. This approach has
the advantage of using simple, conventional, nonsingular
elements with much fewer degrees of freedom and, thus,
solves the problem effectively and efficiently, as demon-
strated in Refs. 13, 16, and 17. In this paper, a study of the
boundary-layer stresses in composite laminates is presented by
employing a suitable mesh optimization scheme in con-
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junction with a quasi three-dimensional finite element
analysis.

In the next section, formulation of the quasi three-
dimensional, eight-node isoparametric element is presented.
The basic theory and procedure of mesh optimization for the
problem are given in Sec. III. Discussion of a consistent
stress-evaluation scheme for determining stresses along the
ply interface in a composite laminate is reported in Sec. IV.
Numerical examples are shown in Sec. V. Comparisons with
the laminate elasticity solution and previous numerical
analyses employing highly refined grids are made to illustrate
the accuracy and efficiency of the present approach.

II. Finite Element Formulation
In general, the complex stress state in a finite dimensional

composite laminate warrants the use of three-dimensional
elements. However, significant simplifications can be made
by considering the well-known Pipes-Pagano problem,2

which consists of a symmetric composite laminate under
uniform axial extension, tz = t0 (Fig. 1). In this problem, the
displacements u in the composite can be written as

where

u = u0 + U(x,y)

UT=[U,V,W]

UT={U(x,y),V(x,y),W(x,y)

(1)

(2a)

(2b)

(2c)

in which U(x,y), V(x,y), and W(x,y) are unknown func-
tions to be determined.

Using an isoparametric element representation for U, V,
and W, one has

U=Nq (3)

where q are nodal displacements (Fig. 2), and Nis a matrix of
nodal interpolation functions. The strain-displacement
relationship has the form

(4)

where eT = {ex,ey,ez,yyz,yxz,yxy }; cj= (0,0,e0,0,0,0); and B is
the differentiated form of N(x,y). Because TV is a function of
x and y only, it is convenient to write Eq. (4) in the simplified
form

= ^5x24 #24x1 (5)
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Fig. 1 Coordinates and geometry of symmetric [0/ — 0/ — 6
composite laminate subjected to uniform axial extension tz=t0.

where er = (^6^,7^,7^,7^), and & is the reduced form of
the aforementioned gradient matrix, B.

The stress-strain relationship for a lamina in the composite
under uniform axial strain, e0, can be written in modified
contracted notation11:

where

e0i = (Si3/S33 )

i,j=l,2,4,5,6

(6)

(7a)

(7b)

(8)

and Sfj is the reduced compliance tensor for each lamina.11

The third stress component, az — o3, is obtainable from

1 = 1,2,4,5,6 (9)

From Eq. (6), it can be readily seen that e0 has the role
analogous to that of initial strain.18*19 Thus, in terms of c and
€0, the potential energy functional, irp, for an element can be
written as follows:

*>=-

- \ \
2 J JA

(10)

where T* is the prescribed traction along the boundary sam of
the mth element having area Am, and C0 is a constant related
toc0.

Following the standard procedure of the variational
principle of minimum potential energy,18'19 one can im-
mediately obtain the element stiffness matrix k and the
consistent loading vector Q as

* = ( [ BTCBdA, Q=(( (NTT* + BTCe0)dA (11)
J JAm J JAm

In the current study, the eight-node, quasi three-dimensional
isoparametric element shown in Fig. 2 is used in the com-
putation.

Equilibrium equations for the entire system can sub-
sequently be written in a standard form by proper assemblage
of element stiffness matrices. Nodal displacements and
stresses at Gaussian stations inside an element are evaluated in

the conventional manner.18 A special interpolation/
extrapolation scheme to be discussed in Sec. IV is employed
for stress evaluation at laminate ply interfaces.

III. Finite Element Mesh Optimization
In Sec. II, the potential energy -KP is regarded as a function

solely of the nodal displacements q. Accordingly, the
potential energy must be minimized with respect to q only,
thereby resulting in one set of equilibrium equations.
However, when the variationaL functional includes the mesh
configuration, i.e., the nodal coordinates jc, as an additional
set of independent variables in the formulation, improved
accuracy and rate of convergence can be achieved in the finite
element solution.13'20'21 Generally, in finite element mesh
optimization the potential energy functional can be expressed
as a function of both q and x as

1- /^ 7T
(m) , (12)

where n is the total number of elements used in the
discretization. The problem now becomes one of minimizing
II with respect to both q and x. Thus, on an element basis, one
has20-22

(13)

whereby the superscript m is dropped for convenience. Hence
the folio wing'equations can be readily established:

(14)

where N is the number of nodes (N= 8) associated with the
quasi-three-dimensional, eight-node isoparametric element
used in the current study. These steps yield the following
system of equations, respectively:

kq-Q = (15)

(16)

For an arbitrary mesh, Eq. (16) is known to result in non-zero
residuals16'20 for each node associated with a given element.
The total residuals associated with a node are computed by
summing contributions of all elements having the common
nodal coordinates xj9 as several elements can share the same
node. Early investigators20 constructed optimum grids based
on minimization of the total residual terms. Recently,
however, mesh optimization has been carried out by using a
direct search procedure21 based upon successive changes of
nodal coordinates, leading to direct minimization of the total
potential energy, II, of the system:

,*) = !/2qTKq-qTQ+C* (17)

where C* is a constant due to the contribution of e0. This
method of obtaining an optimum mesh may be more con-
venient because the total potential energy of a system can be
determined directly by summing contributions of all discrete
elements, thereby circumventing the need for computing the
aforementioned matrix gradients, dk/dXj and dQ/dXj.
Furthermore, this technique can be easily adapted to any
finite element, regardless of the spatial dimension or the
number of nodes associated with the element.

Due to the apparent advantages cited above, the method of
direct minimization of total potential energy is employed for
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the construction of optimal grids. To obtain the optimum
mesh geometry, a search algorithm should be selected which
repositions the nodal coordinates in the direction and location
leading to rapid convergence. The particular algorithm
suggested by Rosenbrock23 is chosen to determine the op-
timum nodal locations in this investigation (see the Ap-
pendix). This method is adopted because of the previous
successful results reported elsewhere21 and the relative ease of
implementation with a general purpose finite element
program.24

IV. Consistent Stress Evaluation
Along Ply Interface

It is well known that, in a displacement-based finite element
approach, stress and strain are commonly evaluated at
selected integration points, i.e., Gaussian stations, within the
element. In previous finite element analyses of the composite
edge-stress problem, various averaging schemes have been
proposed to evaluate stresses along the ply interface, and
discrepancies among results have been reported.9'10'25 Thus it
is important that an accurate method be developed to com-
pute stresses at certain desired locations within an element and
along element boundaries, based upon stress values known
elsewhere. This process involves interpolation and/or ex-
trapolation of the results obtained from the finite element
analysis. The method selected for this task must be consistent
with the order of assumed interpolation functions and with
the highly distorted element configuration in the optimally
discretized mesh.

The variation of a particular stress component can be
readily computed by appropriate differentiation of the
assumed displacements in the natural coordinates, ft and 77, of
a severely distorted element with

v=V(ft,i1) (18)

For example, from Eq. (1) the strain ex can be evaluated from

(19)

where 7J are associated with the inverted Jacobian18 and the
comma in the subscript of Eq. (19) denotes differentiation
with respect to the subsequent variable. It is evident that for
the eight-node isoparametric element used in this study the
first term on the right side of the above expression is linear in
ft and quadratic in 77, whereas the second term is quadratic in ft
and linear in 77. Thus, appropriate numerical formulas should
lead to a quadratic variation of the stress component ox if
interpolation/extrapolation is performed along 77, where
ft = const (Fig. 3a). Variations of the remaining stress com-
ponents along 77 follow the same argument.

Essential features of the interpolation/extrapolation
scheme used in the current study are illustrated in Figs. 3a and
3b. In Fig. 3a, for example, stresses-a/** (A: =1,2,3) deter-
mined from the finite element solution at three different
Gaussian stations along ft = const are shown within an element
located adjacent to the ply interface. The stress distribution
along 77 with 'ft = const can be evaluated by employing
Lagrange's interpolation formula26:

(20)

Ply interface stress a/7) can be obtained by extrapolation, to

Fig. 2 Eight-node, quasi-three-dimensional isoparametric element.

Ply
Interface

b) *—Ply Interface

Fig. 3 Consistent stress-evaluation scheme along ply interface;
a) stresses at Gaussian stations along 0 = const, and b) extrapolation
scheme to ply interface.

the lamina interface (i.e., point /with 77= ± 1 in Figs. 3a and
3b) using the following equation27:

2h -^M* (21)

where, as depicted in Fig. 3b, A and B refer to the locations at
which the stresses and stress gradients are evaluated along the
ft = constant line; h is the interval chosen between A and B;
and d is the distance to the element edge from point A. Note
that Eq. (21) does not utilize endpoints of the data, thereby
avoiding difficulties in the numerical approximation.
Generally, the use of Eq. (21) can yield a slight discrepancy
between-interlaminar stress, a/7), computed at common
boundary points of finite elements located above and below
the lamina interface (i.e., a ty = h+ andy = h~). In the current
research, average values are reported for interlaminar
stresses, (7/7) ('-2,4,6), along the ply interface.

V. Results and Discussion
In this section a rationale for selecting an initial finite

element mesh geometry from which an optimum grid is
constructed will be presented first. Solutions obtained from
the optimized mesh are compared with the analytical
solution12 and the results9-15 from highly refined grids
reported in the literature. Apparent advantages of the current
approach are also discussed.
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The geometric configuration and loading condition of the
laminate elasticity problem analyzed appear in Fig. 1. Ply
elastic constants used in the analysis are as follows|:

Eu =E22 = 14.48 GPa (2.1 x 106 psi)

E33 = 137.9 GPa (20 x 106 psi)

GI2 = G31 =G32 = 5.86 GPa (0.85 x 106 psi)

„.,=*,,. = „„ =0.21 (22)

where subscripts 1, 2, and 3 refer to transverse, thickness, and
fiber directions, respectively. Laminate dimensions and
geometry for the [B/ — 0/ — 0/0] graphite-epoxy composite are
specified as follows: h]=h2=2.54 cm (1.0 in.), b = 20.32 cm
(8.0 in.), and 0 = ?r/4. Material and geometric symmetry
conditions permit that only one-quarter of the laminate cross
section be examined.

A. Grid Optimization
In general, the aforementioned iterative technique em-

ployed to obtain an optimum grid requires significant
. computational effort. If the number of active degrees of
freedom, i.e., the number of nodal coordinates to be
repositioned, is not maintained to a sufficiently small
quantity, the total effort involved can render optimization
uneconomical. Therefore initial mesh selection is an im-
portant step in the overall procedure of grid optimization.

To reduce the computational effort in the current problem,
the mesh of the upper ply in the laminate appearing in Fig. 4a
is initially selected for .optimization. Owing to the ap-
proximately symmetric nature of the stresses about the ply
interfaces in the [0/ —07 — 0/0] composite,9'12 a nearly op-
timum mesh for the quarter-laminate cross section can be
subsequently constructed. In Figs. 4a-d, the updated grid
geometries and associated potential energy, II, at several
stages of the optimization process are reported. The
variations of both mesh geometry and II associated with each
stage are related to the minimization of potential energy
functional and solution convergence* as discussed in the
Appendix. The final mesh configuration and potential energy
level appear in Fig. 5. The convergence criterion employed in
the present optimization requires that changes of all nodal
coordinates during iteration satisfy

<0.01 (23)

where JC ( / ) are the coordinates of each active node in the /th
iterative step.

In attempting to establish an optimum mesh geometry for
an elasticity problem with stress singularity, one notes that the
nodes in the vicinity of the singular point tend to gather ar-
bitrarily close; thus abnormal effects upon solution stability
and convergence usually occur. This situation can be
remedied by the use of a constraining parameter, 65, for the
near-field element to prevent any node from approaching
arbitrarily close to the singular point. Thus linear element
dimensions adjacent to the singular point are required to
exceed the prescribed ds. In the current study, ds/hj =0.15 is
employed. Selection of this numerical value is motivated by
previous mesh optimization studies of singular elasticity
problems.17

:j:Values of the shear modulus G12 and Poisson's ratio vl2 employed
here, which were also used in previous studies,2'9'12 are recognized to
be hypothetical and are only for illustration of the general nature of
the present problem. More appropriate values for the properties are
vn -1-5 V3i = 0.32 and G72= 0.6 G57 =3.52 GPa (0.51 x 106 psi). The
results obtained by using these more appropriate elastic constants
differ from those given in this paper by approximately 10%.28

* _ i +45°

^initial s -3072.18 Ibs-in (-347.IIJ)

a)

= -3074.28 Ibs-in (-347.34 J)

b)

3074.65 Ibs-in (-347.38 J)

C)

II =-3074.80 Ibs-in (-347.40 J )

d)
Fig. 4 Mesh configurations and associated potential energy levels at
various stages of minimization of II.

B. Current Results and Comparison with Existing Solutions
In this study, solutions from the optimum mesh using eight-

node isoparametric elements are obtained and compared with
previous results reported elsewhere. For illustrative purposes,
the solution from the 12-element (N= 12) optimal mesh (Fig.
5) for the [±45]5 composite laminate under .uniaxial strain,
60, is presented. The elasticity solution11'12 obtained by an
eigenfunction expansion method is given as a reference.
Previous results derived from highly refined grids consisting
of conventional constant-strain triangular (CST)9 and eight-
node isoparametric elements15 are also included for com-
parison. In general, the optimum-mesh finite element solution
for in-plane and interlaminar stresses is observed to be
consistently more accurate than that given by the nonop-
timum, highly refined grids.

For example, the in-plane normal and shear stresses, ox, az,
and TXZ, along the 45- and -45-deg ply interface are shown by
open circles in Fig. 6. Solutions derived from locally enriched
CST elements and eight-node isoparametric elements are also
given.9'15 With very few elements (e.g., N= 12), the current
solution is in excellent agreement with the reference singular
elasticity solution.12 Even with ten times more elements (Fig.
6), conventional mesh arrangements provide results9'15 with
significant discrepancies in the vicinity of the laminate edge.

A significant difference is also observed for the in-
terlaminar shear component rxy shown in Fig. 7a. The
solution from the optimized mesh is in close agreement with
the elasticity solution,12 whereas the results of earlier
research9 exhibit a readily apparent discrepancy. Results for
the most dominant interlaminar shear stress, ryz, shown in
Fig. 7b, however, are consistent with those obtained by using
different approaches.

The interlaminar normal stress, o^, along the ply interface
obtained by various approaches is shown in Fig. 8. A com-
pressive ay is observed from the present optimum mesh
solution, whereas a tensile interlaminar normal stress is given
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Fig. 5 Optimal finite element mesh for
boundary-layer stress calculation.

i = -3075.30 Ibs-in (-347.46.J )

3.0

'a.
2.0

1.0

20.0

o o o o Present, N = I2
-———— Boundary Collocation [12]
— ——— Uniform Mesh, N=I30 D5D

(8 - Node Isoparametric ) •
• • • • • • • • • • • • Ref. C93 ,N = 392(CST)

S.

10.0

0.0

Fig. 6 Comparison of present solution for ax, az, and TXZ along ply
interface y=h with reference solutions for [457-457-45/45]
graphite-epoxy composite.

0.2

O.I

-0.2

o o o o Present, N = 12
————— Boundary Collocation [12]
............. Ref [9] ,N = 392(CST)

0.0 0.5

x/b

1.0

o.o;
"fb b

-1.0

o o o o Present, N = 12
———— Boundary Collocation [12]
................ Ref [9] , N = 392 (CST)

10.0

0.0 e——»-«—'——L—
0.0 0.5

b) X/b
Fig. 7 a) Comparison of present solution for rxy along ply interface
y=h, with reference solutions for [4S/-45/- 45/45] graphite-epoxy
composite, b) Comparison of present solution for ryz along ply in-
terface y=h with reference solutions for [457-457-45/45]
graphite-epoxy composite.

by Ref. 9. The correctness of the present solution (sign and
magnitude) is confirmed by an independent elasticity
solution12 and by a recently developed singular hybrid finite
element analysis.15 It is observed (Fig. 8) that the present
results for oy are in remarkable agreement with the singular
elasticity solution.12

In Fig. 9, through-thickness performance of the optimum
mesh for the shear stress ryz is clearly demonstrated.
Examining the reference solution12 at the laminate edge
(x/b= 1.0), one observes that this shear component increases
very rapidly from the laminate surface and midplane
O//z = 2.0 and 0.0), where r^=0, to the ply interface
O//z = 1.0), where the shear stress becomes unbounded. The
present solution employs only two elements per ply through
the laminate-thickness direction. The nature of the current
finite element formulation permits Tyz to vary, at best, linearly
in the thickness direction within each element. However,
excellent agreement with the elasticity solution12 is obtained
for the through-thickness distribution of ryz. This result can

be attributed to both the mesh optimization and the
aforementioned consistent stress-evaluation scheme.

C. Additional Remarks
It has been a common practice in previous finite element

and finite difference analyses of singular laminate elasticity
problems to use various arbitrary local grid enrichment in an
attempt to obtain an acceptable near-field solution. Such a
trial-and-error procedure has been shown to result in very
large computational effort, time-consuming data planning
and preparation, and an elaborate stress averaging technique,
which might, nevertheless, yield controversial results. Thus
the need for obtaining a more accurate solution to the present
problem, while maintaining numerical simplicity as in the
current approach, is apparent. However, the approximate
nature of the current finite element approach can not provide
an analytical structure of the singular laminate elasticity
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o o o o Present, N = 12

————— Boundary Collocation [12]

• • • • • • • • • • Ref [9] , N =392(CST)

Oo :

0.0

0.6

i.

0.4

1 °'2
(0

— o.o
x

N

b* -0.2

-0.4

-0.6

Fig. 8 Comparison of present solution for ay along ply interface
y == h with reference solutions for [457-457-45/45] graphite-epoxy
composite.

x/b

4.0

2.0

0.0 «

-2.0

--4.0

o o o o present, x/b = 0-99,N = 12
Boundary Collocation [12],

x/b =1.0

Fig. 9 Comparison of present solution for ryz through laminate
thickness at x/b -1.0, with reference solution for [45/ - 45/ - 45/45 ]
graphite-epoxy composite.

solution, i.e., the strength (or the order) of the boundary-layer
stress singularity.

Using a more sophisticated hybrid finite element for-
mulation,15 one can include the exact singular structure of the
elasticity solution for the current problem. The efficiency of
the present numerical approach relative to the hybrid finite
element method is also of interest in this study. A comparison
of the numerical algorithms for the two approaches to the
boundary-layer problem having the same degree of
discretization (i.e., with 12 elements and 51 nodes) indicates
that slightly less CPU time for the optimal mesh (t0 = 120 s) is
needed than that of the hybrid finite element approach
('a = 135s).

VI. Summary and Conclusions
The present research has demonstrated that excellent results

can be achieved when the following considerations are
properly included in analyzing the composite boundary-layer
stress problem: 1) suitable element selection, 2) optimum
mesh discretization, and 3) compatible method for stress
evaluation. An accurate solution for laminate edge stresses is

provided along with significantly reduced computational
effort and expense for this class of problems.

Based on the aforementioned method of analysis and
numerical results in this paper, the following conclusions can
be reached:

1) The current approach yields numerical solutions which
are in excellent agreement with the existing singular laminate
elasticity solution.

2) The mesh optimization and the consistent stress-
evaluation scheme provide solutions with greater accuracy
than those from a conventional finite element analysis with an
arbitrarily enriched mesh.

3) The present numerical approach is demonstrated to be
very efficient and effective in dealing with laminate elasticity
problems having a stress singularity.

It is further noted that the current computational
methodology and strategy can be extended to problems 6f
similar nature, e.g., other singular elastic, thermoelastic and
viscoelastic problems, which are discussed in related
papers.29'30

Appendix
Optimization of a finite, element grid usedjn this study is

based upon a minimization scheme stated in Sec. III. An
algorithm for minimization of a functional, as proposed by
Rosenbrock,23 is briefly outlined here to illustrate the scheme
used for successively reducing the total potential energy by
appropriately repositioning the nodal coordinates.

Basically, the method employs an algorithm of recurrent
coordinate transformation with a continuous search for an
optimal path to minimize the objective functional. For
example, by considering a function of two variables,
U(x1,x2), the method can be illustrated schematically as
follows:

1) An initial step of arbitrary length, e, and directional unit
vector £? coincident with the coordinate axis #;, as shown in

Contours ofn = n(x,, x»)

a)

b) S

Fig. Al Algorithm for minimizing potential energy functional II. a)
Direct search for minimum II by successive coordinate trans-
formation; b) corresponding potential energy level for each successful
trial.
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Fig. Ala is assumed for convenience. The superscripts
designate the stage number, as will be defined later.

2) If a lower value of H results (termed as a "success")
from the above trial, then e is multiplied by a( > 1). However,
if the initial step does not succeed, then e is multiplied by
- /3(0</3< 1). For example, II is sampled at an arbitrary point
1 (Figs. Ala and Alb). An initial step e is taken along the £?
direction, and fails at point A; subsequently, the step -&e is
taken and succeeds at point 2. Each step taken is termed as a
"trial." Such trials continue until at least one success and one
failure is encountered for each variable. Then, the next step
taken is in the ^ direction, and succeeds at point 3; sub-
sequently, a step ae is taken to point B, where a failure is
noted. When all variables have experienced at least one
successful and unsuccessful trial, a "stage" is completed.

3) At the completion of each stage, an orthogonal set 6f
new coordinates, £ j and £j, for further searching is con-
structed by a procedure described in Ref. 17.

The foregoing procedure continues until the convergence
criterion discussed in Sec. V is satisfied. A generalization of
the present method to "n" dimensions is discussed by
Rosenbrock23 in sufficient detail to facilitate its direct use.
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